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Typical loop of understanding..

Theory: something we can understand
involves mechanisms and their interaction

Theory
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Machine learning view
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Machine learning view

Symbolic Regression

Equation
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white box

> identify underlying equations (from observed data)
- typically solved by discrete search (e.g. Genetic Algorithms)
Today:
- short overview of Symbolic Regression methods
» Symbolic Regression via Machine Learning
- EquaTion Learner (EQL)
» Transtormer—based quided search (NeSymges)



My MoTivation

Model—based Control Natural Sciences

(Uni st, Andrews)

(KIT HT)

- tor planning - Finding inferpretable models of data

- data efficiency - Use prior knowledge of system

- satety



Model=based Planning

Instruction/reward: open The door

45 samples

With an accurate model, planning can be very ettective

Pinneri, Sawant, Blaes, .., GM, CORL 20720



Symbolic Regressioy

PDala: {(z1,91), (z2,92)," - }

Ansalz: 4 = t(x) + noise
f is a concise analyfical equation
(known base—tunctions and compositions)

y = cos(x) - e **

T 4
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Symbolic Regressioy

PDala: {(z1,91), (z2,92)," - }

Ansalz: 4 = t(x) + noise
f is a concise analyfical equation
(known base—tunctions and compositions)

y = cos(x) - e **

T 4
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Classical Solution: Genetic Algorithm

« discrefe search method for solving  argming,f(6)
- works for unditferentfiable functions 1

« works in relafively large spaces

evaluation selection
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www.strong.io/blog/evolufionary—optimization



Classical Solution: Genetic Algorithm

« search in the space ot expression graphs
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How To select a solufion?

Waha
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How To select a solufion?

Solution 1




How To select a solufion?

Solution 1 or solufion 2.7
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pertorm fThe same with vespect to i.,i.d. validation data



How To select a solufion?

Maybe need more data?

0 1
Mh, orange line looks better
(but maybe just noise in data)



How To select a solufion?

Maybe need more data?

Let's find a good fit..



How To select a solufion?

Utt, quite different Solutions atter all.

195 e data |
mes 805(0.5x) — 4
L9504 — 4 — X2

=3 0 5
X

Need domain knowledge (e.g. which functions are likely)



How To select a solufion?

« Machine Learning: validation sef

. Symbolic regression: fake The least complex model

Is There rveally just one answer?
No - Family ot Pareto—opTimal solutions

best equation with this complexity
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How To select a solufion?
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y = 7.82cos(0.51x) — 3.81 y = 8cos(0.5x) —
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How To select a solufion?
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looking tor jumps

Demo: run Eurega

Eurega: GA—based method, highly opfimized
originally by Schmidt and Lipson

discontinued, now: hitps://www.datarobot.com/nutonian only as
online tool



Results from Eureqga

5 -
0 =
-5 -
X
“= =10 A
e data
L {5~ = 8€05(0.5%) — 4
— 4 — X
=90+ s 1L
=2 0 D
X

Eurega: discontinued, now: hitps://www.datarobot.com/nutonian


https://www.datarobot.com/nutonian

EvoluTionary search successes

Distilling Free-Form Natural Laws

o Collect exp‘e‘rlmental
data from physical system
(e.g. pendulum time series)

f=z+9.8:sin(x)
f=0.5-y"-9.8-cos(x)

© When predictive ability
reaches sufficient
accuracy, return the most
parsimonious equations

from Experimental Data

Michael Schmidt® and Hod Lipson®?3*

Az

o Numerically calculate
partial derivative for every
pair of variables

S =(x=1.12)-cos(y)
f=091-exp(y/z)
f=05-y" -9.8-cos(x)

Generate candidate
symbolic functions. Initially
these are random; later they
are small variations of best

equations selected in (5)

Ay

?6';' Explore
=‘;‘ Candidate
Ax D ox fix,.n)

Equations

o Compare predicted
partial derivatives (4) with
numerical partial derivatives
(2). Select best equations.

0 : Ax
g[f]—} +5m{x}§

& / o
flx) ox/ oy

ox
o Derive symbolic partial

derivatives of pairs of variables
for each candidate function

Science, 2009



EvoluTionary search successes

Distilling Free-Form Natural Laws
from Experimental Data

Michael Schmidt® and Hod Lipson®?3* Scle nce, 2009
Physical System Schematic Experimental Data Inferred Laws
114.28v" + 692.32x"
"y 1Y B Hamiltonian
100 n r\\ .- I:,I-\\ . ~ ‘1
— . — RS RY. ..": \ ..'-._ R '\_‘. vV — '6.0‘4‘1'2
. —t =) \» G g Lagrangian
e o e = W a—0.008v — 6.02x
e _— - . . Equation of motion
Pl KA Mkem -142.19x — 74.65x, + 0.12x,% -
oop LI/ T R L ) )
K, , o/ \\ 7 W '-.:.+_-5' 2 1.89.1('].\,'3 - 1.5 lxg_ — 0.49V3_ e
Y- - - wf /NS TN S 0.41v,v, — 0.082v,’
' 200 B "y r2 Lagrangian

Time (s)



EvoluTionary search successes

J Distilling Free-Form Natural Laws
from Experimental Data

Michael Schmidt and Hod Lipson®?* Science , 2004

1.37-@" + 3.29-cos(6)

\ -""'fp:: MMMme Lagrangian
' { 14 \ TR .' i1 .

NRRERARNAARUEA RN A AR > 2.71a + 0.054w — 3.54sin(0)
PRISTERRIERAIT RIS Equation of motion
S0 WY (x—77.72)* + (y — 106.48)°

s 10 "fﬂi:::'m T Circular manifold
(11
' "+ 0.32m," —

124.13cos(6,) — 46.82cos(6,) +
0.82w,w>cos(6, — 6,)

Hamiltonian

3 345 35 358 38 348 37
Time (s)



EvoluTionary search successes

Distilling Free-Form Natural Laws
from Experimental Data

Michael Schmidt and Hod Lipson®?* Science , 2004
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Problems with Evolutionary Search

. does not scale well 1o

- high dimensional problems
- more complex expressions

- takes long to get all constants right



ShorT Break

Getty Images



Differentiable Architecture tor Equation Learning

Data: {(z1,y1), (T2, 92),- - }
Assumption: y = t(x) + noise f is in The model class

Subham S Sahoo  ChrisToph Lampe
Google, India 1ST Austria



Difterentiable Architecture tor Equation Learning

‘Dafa: {(xlyyl)v(x27y2)7”'}
Assumption: y = t(x) + noise t is in the model class
1) L0 & @

~—_[20 @

$ o) [ [fe ol

U N N O—

® (ami-l;u) {alff-/ti?ill? (:KIV-tizn ®
N lo™ o

Replace standard unifs of NN

by id, sin, cos, mulfiplication and division,

Sahoo, Lampert, MarTius, ICML 2018



Regression with sparsity reqularization

L=> |f(z:,W) —ys> + AW,
i=1 L(W)
Training by gradient descent

oL
A =
W BT

L) gy ~(2) y(2)
Ofc— N\ IO
Ot we Llo—@rit werl
1l (all-ti;gjﬁpw: (all-to-all) “"O
O HEA di'e .
5 X .ﬁf:;mw% x| ) O
PO— el —

31



Reqularizalion Phases

- Want: sparse solufion

A
L2 — Iwl)

WZ'--A

Data
Q only NN
L2 Lo
reqularized ¥ reqularizec

reqularized
7N

N2

- (keep Tiny weights at o)

- sparse solufion without tradeoft

Sahoo, Lampert, Martius, ICML 2018



Reqularizalion Phases

Phase 1 Phase 2 - Phase 3
WA no regularization L; regularization  fix L

Parameters

t; t; Time

Martius, LamperT arXiv 2o



Directly opfimize for sparsity » Lo norm

L=> |f(z;, W) —uil® + AIW|g
==

How many non—zero entries

Trick: learn probabilify of usage
L) O e

oG

gybﬂkn04b
T N LAE
@
Pl 28 <
\“\ ﬁ f"'f’%)l
NP_MMMQ

Bayesian compression/learned dropout ICLR 2018, ArXiv: 1112,01312 by
Christos Louizos, Max Welling, Diederik P, Kingma

O OO

e’
-~
o
i

\
OO0 OO




Treafing Singular Units

. . 2 ifb>40
Reqularized version of a/b: ho(a,b) == b gl e ,
0 otherwise
Penalty for .wrong side: p?(b) := max(8 — b, 0)
10 T I [ I I
8 — =1Ll |5
= 6f - = =05
% 4 | - - p0‘5(b) -
2£. 1
0 ] | CT5 N e
-1.0 =05 00 05 1.0 15 20
b

Better: Learn threshold: 8 =1log (14 ¢e*) >0
works 'FOVi \OQ, 1/3, S%VT (singular derivative)

see Werner et al, arXiv 2105,06331 Sahoo, Lampert, Marfius, ICML 2018



FuncTion learning and extrapolation

Toy example: y = 1/3(sin(7wx1) + sin(2wxs + 7/8) + 10 — w3w4) + &

4| — MLP -=|Neural Net
f\/\‘ | 1| — EQL
1| = - System

Learned tormula: —0.33sin(—3.13x1) 4 0.33sin(6.28x5 4+ 0.39) + 0.33x2 — 0.056 — 0.33x324

Sahoo, Lampert, Martius, ICML 2018


https://arxiv.org/search/stat?searchtype=author&query=Louizos%2C+C
https://arxiv.org/search/stat?searchtype=author&query=Welling%2C+M
https://arxiv.org/search/stat?searchtype=author&query=Kingma%2C+D+P

Function learning and extrapolation

sin(7wxq)
x5+ 1)

Toy example 2:

s

e MILP
SVR
=== Eureqa
EQL
m— EQL™
— — System

Sahoo, Lampert, Martius, ICML 2018



Model Selection

Occams Razor: Most simple tormula is most likely the

right one. Bul too simple can also be wrong:

Multiobjective: Simple and good performance

val. error extrapol. di‘FFeVeV]T AFVOYY]
~—~ | cIrror
S 010l 0.10 standard ML
S SRR 005 Source of Inferprefability
c 0.6 =5 N \\ 0.04
Souf =i Y R ) )
= \ \ \ \ : o =
5‘30.02:- N \\ \\ \\ \\ 0 arg mlnqb[v(¢) +S(¢) ]
[ 0 atbeie Tb o ool b8ed
0 20 50 a0 \ f
soarsity (sunits) normalized values
-

Sahoo, Lampert, Martius, ICML 2018



Model Selection

Occams Razor: Most simple tormula is most likely the

right one.,

Pertformance (ervor)

Bul foo simple can also be wrong:

Multiobjective: Simple and good performance

val. error extrapol.
‘ error
0 10 :- e 0.10

0.08} - 006 jump in Pareto front

0.06! |
" ot always as obvious

0.04} °IF 0.02

0.02} 0

0.00 ¢

Sparsity (#units)

-«

Sahoo, Lampert, Martius, ICML 2018



Some Results Analytical Functions

SO 51 S2 S3 S4
I W 2 | 3 2.5
X 5 0 T . F 63
X X . 3 X B o, .
<2 b ‘_!IJ Al g _3. _2_2 : .
SO S1 S4 S5 S6
r MP 157 0.66 0.75 0.64 1.17 0.44 0.82

5.0

MLP 1.11 i 0.45 ¢35 0.41 535 0.36 o3 0.65 57 0.07 (; 0.65 §gf =
° GAl 1.07 &% 0.77 87 0.33 o 0.01 8F 1.20 ;& 0.29 7% 0.82 32 <
o | GA2 039 7 066 077 0.37 °7 0.60 17 0.01 0% 0.08 "2 426
EQLT 0.01 °2 0.01 %7 0.01 0% 0.01 °% 0.01 1# 0.01 00 0.01 00

2.5

0.0

SO y=(1- 35%)/(8111(27‘( x1) + 1.5) S4* y = (3.0375 2122 + 5.5sin (9/4 (21 — 2/3)(x2 — 2/3)))/5
= 1 1 i m™ — ES Sxq A SxTo 4

S1 y = [sin(mxy) + sin(2wzy + 7/8) + 29 583;124] /3 S5 gy = (éml}_i)Jrl + (5(:32}4)“

S2 y= [sin(nz1)+zacos(2nzy + 7/a) +25—23] /3 o Y= (-2 (- 25)? 4+ 100(; — o)

S3 y = [(1 + 22) sin(rz1) + T22374] /3 +100(z4 — 22)2)/1500

Werner, Junginger, Hennig, GM, arXiv:2105,06331, 2021



formulas

Random

random formula

(RE2—2) MLP,
—  System
RE2-1 RE2-2 RE2-3 X | RE2-4 RE3-1 X RE3-2 RE3-3 RE3-4
EQL™ vin&ex | 02902 (.04 %1 [ 0.52 %% (.01 °° | 0.46 232  0.02 2% 0.01 2% 0.03 932
EQL* Vint.S | 0.27 232 (.14 % 1 0.76 2% | 0.01 %% | 0.51 2 0.08 »% 0.01 29 (.03 *¢
MLP Vf“t&ex 1.54 1% 1.04 1% [ 0.90 %2 | 0.95 12 104136  1.85213 (52058 164 1%
MLP V™ 1.60 ;32 1.05 ;)7 DEEEEEEENE 0.99 [ .° IEEEEEEE 2.03 730 1.16 222 1.89 133
SVR Vyint&ex| 1 15 1.09 0.59 1.51 0.96 1.81 0.37 1.23
SVR vyt 1.20 2.12 17.72 13.89 11.79 11.28 0.37 17.67
Const 0 6.73 2.57 0.50 5.36 1.65 72.26 17.67 3.15




Domain knowledge

which ferms are more likely

€.d.. Ccos > %2, div y exp

whal aboul exp, sqrt, log?

needs freatment for gradient opfimization

which combinations are not allowed
e.qd.: cos(cos(.)), explexp(.))

preinitialize network (unexplored)

Werner, Junginger, Hennig, GM, arXiv:2105,06331, 2021



#£ units

Domain knowledge

which terms are more likely
define complexity per base function: e.de Weoe = 3, Wy = 1

- weight regularization with w,
- use w, in complexity for model selection

Example: y = 8cos(0.5z) — 4

range: - [=1,41] range: (—3,3)
....._-cos - m _532 | c2@u COS m@m 2
a2 w 2 —i 5
2 - 2 204\
= .
1 lee® @ =@- -, g 1 le o iy
R >
O [eee-0--0--0 ®=e oo IR= | =000
0103 1.0 3.0 10 0103 1.0+3.0 10
complexity factors complexity factors

Werner, Junginger, Hennig, GM, arXiv:2105,06331, 2021



Domain knowledge

- example: combustion engine Torgque prediction

®
1 i) e == e | ® Genetic Algo.
58" 5 100 B @ -2 - : :
I E | l 'E' 10 . Q0 validation
30 I I plain 'z o® PY - wu BAEG
o Z % motor E‘ o oy ‘ va eg-1
X, 20 R .‘.-J. ' o°
log sqrt €XP COS div .2 mul 10" 10° 10°
combustion engine complexity

v/ Can influence
type ot equations

Werner, Junginger, Hennig, GM, arXiv:2105,06331, 2021



Domain knowledge

- example: combustion engine Torgque prediction

®
@® Genetic Algo.

3 10 2| -2 -
I) = 'E' 10 —. Q0 validation
20 i plain ~ P PY : .x S5.€q
7 2 motor E o oy ‘ 1e eq-1
20 - E 4 o T o I o®
0 1 sqrt ep oS div ,2 mul 10" 10° 10°
combustion engine 2 —te rms comnplextiy

y = —0.3z1 + 2.32x5 + 0.27x3 + 0.6¢2 + 0.3¢3 + 0.35 cos (1.1223 + 1.42¢5 + 0.59¢3 — 0.23) + 0.51

substitutions:
c1 = (0.05 — 0.6921) (1.0z; + 0.64)

Understanding?

¢z = (—0.95z2 — 0.69) (—1.063 + 0.96 (—0.21z + 0.662: olepe nds..
c3 = (—0.74@ —0.76 (0.621 + 0.73¢; + 0.47 (0.7625 + 0.19z, — 0.1925 — 0.6)* — 0.9)" + 1.36)
(2.0z3 + 0.88 (—0.73z1 — 1.17¢; + 0.26) (0.6z4 — 0.72z5 — 0.46) — 0.31)

Werner, Junginger, Hennig, GM, arXiv:2105,06331, 2021



Application: CarT—Pendulum dynamics

—xy — 0.01z3 + 22 sin (z2) + 0.124 cos (x2) + 9.81 sin (x3) cos (z2)
sin? (z2) + 1 '

— NMLP

— SVR

=== Eureqga
EQL

— EQL™

— — System

—2 0
L] — L2 —=IT3 —Tg— T

Able to learn dynamics equations
Sahoo, Lampert, Martius, ICML 2018



Learning Cart—Pole swingup

Robot random movements
« Target
", ) N
Q Aeeili) O 0 Q) O O

[ T | L X |

" )
Y

Learning Equation

Control
? balancing

actions .\
=

O O Qo TD_

e

®
Model| predictive Control,
random 5\"00)“\”91 method Sahoo, Lampert, MarTius, ICML 2018



Model Predictive Control

» plan ahead with model

."fix = F(t,x.n), x(0) = xg,
Jiu) = [L(t x.% u)— extr.

. Take besT action

. veplan

(openi.nlm,.nih.gov)

here: planning = many random rollouts



Learning Equations for Extrapolation and Control
by S.5.Sahoo, C.H.Lampert and G.Martius, ICML 2018

Training Validation
1 Random rollout 1 Random rollout
(stronger actions)

T T

Sahoo, Lampert, Martius, ICML 2018



Rewards

Carf—pole Swingup

800 -
282128 | F PO
oA $ —— MLP _i 2
% T— FOL®
sl ++ L — True e
200 - + é+ : R +
0 El_L _+ QI : @l l'=ll | 5 | : |
23 =68 1020 True 0 107* 107° 1072

Number of rollouts (training data) g-noise

Sahoo, Lampert, Martius, ICML 2018



UncerTainty esTimates

. gel an esfimate of uncertainty

- ensemble of discrefe hypotheses

EQL ensemble
- EQL median
—2 1 === System

Ay |, T | 0 1 o |\
A o B &x
i

Matthias Werner

work in progress with Matthias Werner



UncerTainty esTimates

. gel an estimate of uncertainty

- ensemble of discretfe hypotheses

- Laplace approximation of each solution
(how cerfain are the paramefers estimated)

: density ! Laplace approximations pareto plot
e data E
d Q0¥ 1 0.05
, - i § ®. ' 0.04
i | =ar 0.025 | s
- :

i -1F - 0.000 F ... PP LT
. 0.02

s . y . _2 i i 1 _0025 L1 1 1 1

sy 0 ) -2 0 2 DO 125« 50 7.5

X X complexity

work in progress with Matthias Werner



UncerTainty esTimates

. gel an estimate of uncertainty

- ensemble of discretfe hypotheses

- Laplace approximation of each solution
(how cerfain are the paramefers estimated)

density density

6 5 8
I| e data
|
. 4 A 4k
.t ||| 'i (|
¢ | 3- 3l
5 ¢ 'guuvu
¥ 3 2}
o 14 1 &
—2 T T T T 0 T T L L
= | s 0 1 2 3 1.0 1.5 2.0 2.5 o 1.5 2.0 2.5

(b) Airline dataset

work in progress with Matthias Werner



OTher approaches:

« AT Feynman
Udrescu & Tegmark, Science Advances 2020

Uses physics knowledge
- physical units
- symmeTries

« DSL (Deep Symbolic Regression)
Petersen et al, ICLR 2021

Uses Deep RL 1o quide the search

. Delerministic search: Prio. Grammer Enumeration
Worm, Chiu, GECCO 2013, Kronberger et,al, 2018+



Amortizing Data:

.- s0 tar: regression/search starfs trom
scratch

. can we Train a nefwork To produce
good candidate quesses, based on

data?

Neural Symbolic Regression that Scales @ICML 20721

Luca Biggio " '> Tommaso Bendinelli > Alexander Neitz® Aurelien Lucchi' Giambattista Parascandolo '3

NeSymReS



NeSymReS

Approach:
. Generate massive amounts data

.« Pre—1rain end—to—end a big franstormer
to do exactly what we want fo do

» Sample Trom Transtormer

- Apply beam—search

- Fine—Tune



NeSymReS

Pre-Training

-
‘RNG|  Skeleton
y = sin(Ciz) + Cy
y = sin(1.2z) + 2.3
S Y
RNG|  Constants e 8 <
o =120 =23 |[ i |
= : g ®)
e N : i= :
=[-9.2,-3.7,...,3.9,7.8 ’: 5
L [ ]J_J \T E/
*—@ o—o.




NeSymReS

Pre-Training

'RNG|  Skeleton g Cross Entropy
GG o s I !
y = sin(1.2z) + 2.3
: B
'RNG Constants 0 ~g Transformer
e i Decoder
Set Transformer
Encoder

Gy =1.2:C0 =2:3

J| 1 0
Ny : ::

[ 'RNG Support .
=1-9.2,-3.7,...,3.9,7.8

learn To guess The right functional form
without constants



NeSymReS

Test

Set Transformer
Encoder

Prediction
y = 0.5 exp(—0.2z7)

BFGS

fitting constants
Beam

Search

Transformer
Decoder




How much prefraining do we need?

Al Feynman: Equations/Datased

\/—3‘31 facH

sin (4.84x3 (2.3z1 — 3.494z5 + 1))
sin (z3) + sin (ﬁ)

x1 (2.683z1 + x5 cos (z3)) + 1

4.631sin (4.419 sin (u&))

)
9

1
3-8742:3 + 4'12 L m1+4.322:{:2$3

1.858z123
858223 _ 3 66174

2.8465 + sin (x5 + 2.258z3)

ro—4.615
$2+$3+“2T

1

0.221(—z1+x2) 1
log (z2)

—Za e

(1.261z1 + 3.29 cos (1)) log (4.169z>)

3.797 sin (x1)
r2
T3

T3+

1 — 4.843x5x3 + T2 + cos (z3)
cos (:1:1 + 1.504z2 + (2 + 333)2)
z1 (—4.641z1 + cos? (4.959,/z5))
22 (22 — =221)

4472, +1.193 cos (1+ L)
3.63z1 cos (1.427z3 + z5)

—z; (1.196z1 + sin (z1 + z2))

r3
Z3 + x1+2.318z2+x3

7.74+/0.383x1+x2
i — T3

Y i 0.221 tan (3.972z2)
Ig(—3549$1—|—$2)




How much prelfraining do we need?

Al Feynman

RS B = , ,
10K 100K 1M 10M

Dataset size

—e— NeSymReS (ours) -==: DSR -=-=: (Gaussian Proc. --=-Genetic Prog.



Interence speed

Al Feynman
fEeis -
o e’
EH05
I
0.0 -

10t 102 10°
CPU seconds

—e— NeSymReS (ours) -==: DSR -=-=: (Gaussian Proc. --=-Genetic Prog.



Genetic Algorithm
(1]

AT Feynman (21

RL—based search
(PSR) (3]

Transtormer
(NeSymReS) [4]

Sparse regression
of Library
(SINDy) (5]

Deep Network
EQL / IEQL
[6,17,8]

Easy To
implement

v 7

X
X
X/

Comparison

Different Pro

iable

X

X

v

easy 1o
implement

finds very
plausible eqns,

faster than
GAsS

fast, accurate

fast

large systems

large systems
(many DoF)
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Domain knowledge

base—ftunctions +
complexify

physics (units etc)

base—functions +
complexity

prefraining, base—
functions

library of blocks

base—functions +
complexity



Why is ditferentiability relevant

+ allows To put the Symb, Regression module
inside ot deep archifecture

+ ,9,: Vision inpul —» model object movement



Application To Physics

Find analyfical expression ot the classical free
enerqy functional of simple fluids
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Joined project with Marfin oetfel

« Promising direction for understanding relevant fluids

Lin, 6M, oettel, TCP 2020



Application To Physics

Find analyfical expression ot the classical free
enerqy functional of simple fluids
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FIG. 2: FEQL results for hard rods. Dark solid lines are exact solutions from .#"* and blue dashed lines are ML results. (a) eos,

P(p). (b) density profile for po = 0.49 inside the training region but V*' not in the training data. (c) density profile at hard wall
for pp = 0.80 outside the training region. Insets in (b) and (c) show Ap = p®*act _ pM-,

It works

Joined project with Martin Oettel

« Promising direction for understanding relevant fluids o e e P
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- Symbolic regression
> find smallest fitfing equation/tormula
> mimics model discovery

» with domain knowledge can lead 1o great
ouT—ot =distribution generalizatior

> Many methods by now:
- discrete search (GA's, DSL..)

- differentiable methods (EQL)
> neurally quided search (NeSymReS)
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